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Abstract. Zagier introduced special bases for weakly holomorphic modular forms to give the 
new proof of Borchcrds' theorem on the infinite product expansions of integer weight modular 
forms on SL2(Z) with a Hccgner divisor. These good bases appear in pairs, and they satisfy a 
striking duality, which is now called the Zagier duality. After the result of Zagier, this type duality 
was studied broadly in various view points including the theory of a mock modular form. In this 
paper, we consider this problem with the Eichler cohomology theory, especially the supplementary 
function theory developed by Knopp. Using holomorphic Poincare series and their supplementary 
functions, we construct a pair of families of vector-valued harmonic weak Maass forms satisfying 
the Zagier duality with integer weights —k and k + 2 respectively, k > 0, for a i7-group. We also 
investigate the structures of them such as the images under the differential operators D k+1 and 
and quadric relations of the critical values of their L-functions. 



1. Introduction 

In his famous paper [23], Zagier displayed a beautiful result that the generating functions for 
traces of singular moduli are essentially weight 3/2 weakly holomorphic modular forms. This result 
is related to the new proof of Borcherds' theorem on the infinite product expansions of integer 
weight modular forms on SL 2 (Z) with a Heegner divisor. Zagier's proof relies on special bases for 
weakly holomorphic modular forms which appear in pairs and satisfy a striking duality, which is 
now called the Zagier duality. 

Zagier gave a prominant example of this phenomenon in the spaces M[ and M\ , where Mj, x 

is the vector space of weight k weakly holomorphic modular forms on To (4) satisfying the Kohnen 

plus condition. Here, x 1S t ne multiplier system defined by x(l) — f° r 7 £ r (4) and 

0(t) = E„ e z e2 ™ 2r - There is a natural infinite basis {Fi(-1;t), Fi(-4;t), Fi(-5;r), • • ■ } for 

M[ , and the first few coefficients of these series are 

2 

Fi(-l;r) = q' 1 - 2 + 248g 3 - 492g 4 + 4119g 7 , 

Fi(-4; r) = g~ 4 - 2 - 26752g 3 - 143376g 4 - 8288256g 7 , 

Fi(-5; r) = q~ 5 + + 85995g 3 - 565760g 4 + 52756480g 7 , 
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where q = e . Similarly, there is a basis {-F (0; r), F (— 3; r), F (— 4; r), • ■ ■ } for M\ , and the 
first few coefficients of these forms are 

F (0;r) = 1 + 2q + 2g 4 + Og 5 + • • • , 

F (-3;r) = g~ 3 - 248g + 26752g 4 - 85995g 5 + ■ • • , 

F (-4;r) = g" 4 + 492g + 143376g 4 + 565760g 5 + • • • , 

F (-7; r) = g" 7 - 4119g + 8288256g 4 - 52756480g 5 + • ■ ■ . 

We can easily see that there is a striking pattern relating the coefficients of the m; r), grouped 
by column, and the coefficients of the individual forms Fq(— n; r). 

Although the very fact of the existence of such duality looks astonishing, many examples were 
found recently. Bringmann and Ono [I] established the Zagier duality of half-integer weight modu- 
lar forms for To (4) satisfying Kohnen plus condition. Folsom and Ono [10] found another example, 
which is especially interesting for its close connection to the Ramanujan mock theta-function. 

In the case of even integer weight k, the Zagier duality appeared in [2] for small values of k 
(namely, k — 0, 4, 6, 8, 10, 14). The results of [2] were generalized in [9] to arbitrary even k. 
Rouse [21] also proved the Zagier duality between certain weakly holomorphic modular forms of 
weight and 2 on T (p) for p e {5, 13, 17} and the first author [8] gave a simple proof of Rouse's 
result by using the residue theorem. Guerzhoy [12] formulated this duality by saying that these 
coefficients constitute a grid and showed the existence of the grid of weight k > 2 for SL 2 (Z). 
Recently, Cho and Choie [7] derived the existence of the Zagier duality for vector- valued modular 
forms with the Weil representation for SL 2 (Z). 

In this paper, we consider the gird of vector-valued modular forms for a if-group, from which 
the grid of (scalar-valued) modular forms follows as a corollary. Using supplementary functions, we 
construct a pair of families of vector- valued harmonic weak Maass forms G n2 (r) and vector- valued 
weakly holomorphic modular forms / ni (r) satisfying the Zagier duality with integer weights —k 
and k + 2 respectively, k > 0, for a if -group. Furthermore, we compute the images of vector- valued 
harmonic weak Maass forms in a grid under the two important operators D h+1 and Eventually 
we can interpret the structure of forms f n {r) and G n (r) satisfying the Zagier duality in term of 
holomorphic Poincare series: 

j, j-, supplementary _ 

Jn n ^ ■* — n 

D k+i 

G n ^=^= G n 

Here, P_ n (r) denotes a holomorphic Poincare series of order n, n > 0. These results give another 
symmetries: quadric relations of the critical values of their L-functions. 

The supplementary function theory was developed by Knopp [H] for scalar-valued modular 
forms of integer weights on a if-group and Gimenez [11] considered the supplementary function 
theory for vector- valued modular forms of integer weights on SL 2 (Z). Based on the arguments of 
Knopp in [TJ], for our purpose we extend this theory to vector- valued modular forms of integer 
weights on a if-group. 

First we recall some definitions and fix notations. Let T be a H-group, i.e., a finitely generated 
Fuchsian group of the first kind which has at least one parabolic class. Let k £ Z and x a 
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(unitary) multiplier system in weight k onT. Let p be a positive integer and p : T — > GL(p, C) a 
p- dimensional unitary complex representation. We suppose that p(B) is diagonal for all parabolic 
element B G V and p[— 12) = I p where Ij is the identity matrix of order j G Z>o- If we let 
T = (J}), A > 0, a generator of r^, then 

X(T) P (T) = 

where < Kj < 1 for 1 < j < p. Also, if we let 

X(T)P(T) = 
with <«;'•< 1 for 1 < j < p, then 



4 



if k 3 - = 0, 

1 — AC if > 0, 



for 1 < j < p. We denote the standard basis elements of the vector space C p by for 1 < j < p. 

We write M l k+2xp (T) (resp. Hk+2, x ,p(T)) for the space of vector-valued weakly holomorphic 
modular forms (resp. vector-valued harmonic weak Maass forms) of weight k + 2, multiplier 
system x an d type p on T (see section [2]). Two differential operators := 2iv~ k (J^) and 

D k+1 := I 2^7^: ) play a central role in the theory of harmonic weak Maass forms, where 
r = u + iv G H. The assignment F{t) £„ fc (_F)(r) gives an anti-linear mapping 

: ff_ fclXlP (r) M^ +2i ^(r), 

and the assignment -F(t) t— )■ D k+1 (F){r) gives a linear mapping 

D k+1 : #_ fc , XiP (r) -> Mi+ W (r). 

Let H*_ k (r) be the inverse image of the space of vector-valued cusp forms Sfc+2,^,p(r) under the 
mapping Any harmonic weak Maass form F(r) G H^ kxp (T) has a unique decomposition 

F(t) = F+(t) + F~(t), where 

p 

F+(t) = Yl CL + {n,])e 2m( - n+K > )T/x e, v 

j=l n>- 00 

F » = EE a-(n,j)^(27r(n + K J )VA)e 2 ^ + ^)"/ A e„ 

j=l n+Kj<0 

where H{w) = e~ w ^ 2w e~ l t k dt. The first (resp. second) summand is called the holomorphic (resp. 
non-holomorphic) part of Fir). 

We use the term grid to explain the Zagier duality more systematically, following [12]. 
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Definition 1.1. We call two collections f ni ,a 1 ,x,p( T ) e M\ +2 x p (T) and Gn 2 ,a 2 ,x,pi T ) e H-k,x,p^) 
a vector-valued grid of weight k + 2, multiplier system x o,nd type p onT if the following conditions 
hold for every indices ri\ and n 2 satisfying n\ — n ai > and n 2 — k' > 0: 

(1) fn 1 ,a 1 ,x,p( T ) an d Gn 2 ,a 2 ,x,p(, T ) "'^ a ^ a ^ cusps of T which are not equivalent to ioo. 

(2) At ioo, f ni ,a 1 ,x,p( T ) an d Gn 2 ,a 2 ,x,p( T ) have expansions of the forms 



v 

D 2ni(l+Kj)z/ X 



Jni,ai,x,P\ 1 ) c c ai * / j / j u "n,i,ai,x,p\ l 'i J 

j=l i+ K j>0 



3=1 



(3) Fourier coefficients of f ni>ai>x Jr) and G^ 2 a2 xp{ T ) sa ^fv ^ e identity 



a 



ni,cn,x,p 



(n 2 - (n a2 + K' a2 ), a 2 ) = -b n2 ,a 2 ,xA n i ~ ( K "i + K ' ai ): a i)- 



In this paper we consider the grid of weight k G Z on a if -group T for vector-valued modular 
forms. We assume that — J 2 G T. Let P ni>OC i,x,p( T ) be a Poincare series of order —ri\ defined by 

■y g27ri(— ni+K ai )"/r/X 

C 1 - 1 ) Pn^xAr) ^2^ x(7 )(cr + ^ P(7) " leai ' 

where 7 = ( * ^ ) runs through a complete set of elements of T with distinct lower row. In the 
following theorem we give a description of a grid in terms of these Poincare series. 

Theorem 1.2. Let V be a H-group with —I 2 G V. Suppose that k is a positive integer, x is a 
multiplier system of weight k + 2 and p is a unitary representation such that p(B) is diagonal for 
all parabolic element B G V and p(—I 2 ) = I p . Then there exists a unique vector-valued grid of 
weight k + 2, multiplier system x and type p. Moreover, we have 

fni,ai,x,p( T ) ~ Pn\,a,x,pv). 



We also have 



and 



(n -\- k! \ ^~ >r ^ 
^ J ^ > n 2 ,a 2 ,x,p( T 



-47r)*+Y - w 2 + < a Nfc+] 
r(A;+l)V A 



(t n - SZZ!iz / 2 Z »a 1 p iv^ 



where 



j -n 2 if n a2 = 0, 

Tin - 



1 — n 2 if K a2 > 0. 

Remark 1.3. We remark the following. 

(1) In Theorem \1.2f we showed that there is a vector-valued grid of integer weight if p satisfies 
p{— 12) — Ip, but, the Weil representation does not satisfy this condition. Actually, if p 
is the Weil representation, then p(—I 2 ) interchanges e a and e_ Q . In this case, we can 
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see that we get the same result as in Theorem with a modified definition of a grid: 
fni,ai,x,pi T ) e ^2+2,x,p(r) ana " Gt 2 , a2 ,x,p( T ) have expansions of the form at ioo 

f (t\ p 27ri(-ni+«; ai )r/A , 27ri(-m+«; ai )r/A 

+ E E ^(l^'^'S, 
i=i i+K,->o 



and 



(7+ (V"| 2m(-n 2 +K' )t/A , p 2wi(-n 2 +K' )t/X 

n 2 ,a 2 ,x,p\ I ~ Q 2 * e ^-02 



+ E E 

J=l «+k'>0 



(2) In [23], Zagier defined mock modular forms and the definition of Zagier implies that holo- 
morphic parts of harmonic weak Maass forms are mock modular forms. So we can also de- 
fine a grid in terms of mock modular forms. For example, if \ is trivial, then G^ 2a2 ^p{r) is 
a mock modular form such that its shadow is the Poincare series of order n 2 , P-n 2 ,a 2 ,x,p( T ) > 
and D k+1 (Gn 2t a 2 ,x,p)( T ) ^ s ^ e P°i ncar ^ series of order —n 2 , P n2 ,a 2 ,x,p( T ) ■ 

Now we know that the Zagier duality is closely related to the theory of mock modular forms. 
Thus it is natural to consider the symmetries coming from their shadows. In the following corol- 
lary, we prove that there are relations between coefficients of shadows, which follow directly from 
Theorem 11.21 

Corollary 1.4. Let F,k,x and p be given as in Theorem \l. e A Suppose that 

G n 2 , a2 ,xAT) = E E ^2, Q 2,x,p(^^(2 7 r(/ + 4)VA)e 2 - (;+ ^ ) " /A e J 



j=l I+k'jKO 



and 



G ™,x» = E E K^a^wmi+^/x)^^^ 

are two non-holomorphic parts of harmonic weak Maass forms in a grid. Then we have 



^2,a 2 ,X,p(-^2,a 2 )(-n2 + 4 2 ) fc+1 = k 2 ,a 2 ,x,p(~ n2 > a ^(- U2 + 

for every indices n 2 and n 2 satisfying n 2 — «4 2 > and n 2 — k~ 2 > 0. 

Remark 1.5. In particular, if we let p = 1 and p a trivial representation, then we obtain the 
Zagier duality for (scalar-valued) modular forms . In this case, we omit the p and a in the notation 
for convenience. 

The study of L-functions has been a central theme in number theory since the pioneering work 
of Euler and Dirichlet when the first instances of a prime number theorem were formulated. Es- 
pecially, the theory of modular forms is very closely related to L-functions. For example, the 
special values of L-functions associated to modular forms are important objects in the conjectures 
posed by Birch-Swinnerton-Dyer, Beilinson, and Bloch-Kato. Recently, Bringmann, Fricke and 
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Kent [3] found the definition of L- functions for weakly holomorphic modular forms by resolving 
the difficulties due to the issues coming from their bad assymptotic behaviors at cusps. We de- 
note by L(f,(~ x d ,s) the twisted L-function of a weakly holomorphic modular form /(r) defined 
in [21 Sectionl]. In the following theorem, with the definition of L-functions associated to weakly 
holomorphic modular forms in [3], we prove that the critical values of twisted L-functions of mock 
modular forms appearing in a grid satisfy a quadric relation and the Fourier coefficients of their 
shadows can be written in terms of these critical values. 

Theorem 1.6. Assume that T, k and x are given as in Theorem Let = ( ^ ^ t = 

( cl dt ) ^ e 9 enem t° rs ofT. Suppose that P ni ,x( T ) ^ s a Poincare series which is a cusp form, defined 
as in U.l\) . We write its Fourier expansion as 

PihJt) = E W)e 27ri( ' +K)r/A , 

Z + K>0 

for i = l, 2. Then there exist complex constants A a ^(j), < a, (3 < k, 1 < j < t, such that 
(-n 2 + K) {k+l) c nux (-n 2 ) 



= E E ^,^o^(/ni*c3?,«+iw^*c;?,)9+i) 

j=l 0<a,(3<k 

+5W fc+1 W 2 &-n 1 ,x(0)E E ~ ( ~ 2 fc T )fc+1 + A k ^ p {j)2^x{i)c)\ 

j=l 0</3</c ^ 



+5 K , n 2 - {fc+1 W-n 2 ,x(0)E E Ux-«,oti) (2 lf +1 - A fc - a , fc (j)27r»x(7)c?) 

j=l 0<a<k ^ 



X L {fn' 1 ,x,(c j \, a + 1 ), 



for every integer ni,n 2 such that —n\ + n, — n 2 + n > 0. Here, Ck+2 = ~j 2 ^k+r an d 

= - £ jftTTji^' "" + -' "(a 

7=( a ^)e<T>\r/<T> 

c>0 

is i/ie 0-th Fourier coefficient of G^L n ^{r). 

Example 1.7. Let V = T (N) for some positive integer N and let x be a multiplier system given 
by r) function, i.e., 

where t]{t) = e mT ' 12 Y[™ =1 (1 - e 2nmT ). In this case, we see that T = (J J) and x(T) = e mk ' 6 . If 
k ^ (mod 12) ; then k^O for x- Then the formula in Theorem \1.6i reduces to 

t 

(-n 2 + K) ik+1) c nux (-n 2 ) = E E Ak-at-pUW^ > « + 1 W"ji* C~? J ,/3 + 1). 
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Moreover, the coefficients Ak- a ,k-p{j) can be described as the critical values of L-functions of 
Poincare series P n ^ x {r). 

The remainder of this paper is organized as follows. In section [5J we first introduce the basic 
notions of vector-valued modular forms, derive the Fourier expansions of the Poincare series and 
review the supplementary function theory. In section El we describe L-functions of weakly holo- 
morphic cusp forms and explain their relation to period polynomials. In section m we prove the 
main results: Theorem 11.21 Corollary 11.41 and Theorem 11.61 



2. Vector-valued modular forms 

In this section, we introduce vector-valued modular forms and vector-valued harmonic weak 
Maass forms. Also, we recall the definitions and properties of two differential operators and 
D k+1 , which are important to study vector- valued harmonic weak Maass forms. Moreover, we 
derive the Fourier coefficients of vector- valued Poincare series and recall the supplementary function 
theory. 

2.1. Vector- valued modular forms. We begin by introducing the definition of the vector-valued 
modular forms. Let T be a H-group, i.e., a finitely generated Fuchsian group of the first kind which 
has at least one parabolic class. Let k G Z and x a (unitary) multiplier system in weight k on T. 
Thus x(t) is a complex number independent of r such that 

(1) | X ( 7 )| = 1 for all 7 G T. 

(2) x satisfies the consistency condition 

X(7s) (c 3 r + d 3 ) k = x(7i)x(7 2 )(ci7 2 r + d 1 ) k (c 2 r + d 2 ) k , 

where 73 = 7172 and 7* = ( * I ) , i = 1, 2 and 3. 

(3) x satisfies the non-triviality condition: x(— /) = e mk . 

Let p be a positive integer and p : T — > GL(p, C) a p-dimensional unitary complex representation. 
We suppose that p(B) is diagonal for all parabolic element B G T and p(— J 2 ) = I p where Ij is the 
identity matrix of order j G Z>o- We denote the standard basis elements of the vector space C p 
by Gj for 1 < j < p. 

Definition 2.1. A vector-valued weakly holomorphic modular form of weight k, multiplier system 
X and type p on T is a sum /(r) = X^=i fj( T ) e j of functions holomorphic in the complex upper 
half-plane H satisfying the following conditions: 

(1) For all 1 = HI) G V, we have (/| fc , x , p7 )(r) = f(r). 

(2) For each parabolic cusp q, there is 7 g = ( a c b d ) G SL 2 (M) such that 7^00 = q. Then each 
function (cr + d)~ k f( , y q T) has a Fourier expansion of the form 

p 

(cr + d)- k f(-f q r) = J2Y1 a j , 9 (n)e 2 " (n+K ^' )T/A ^e J , 

j=l n^>— 00 

where Kj jQ (resp. X q ) is a constant which depends on j and q (resp. q). 
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Here, the slash operator \k, x ,pl is defined by: 

(/lwr)(r) = X(l)-\CT + rf)"V 1 (7)/(7r), 

for 7 = ("J) G T where 7T = 2£±g. The space of all vector-valued weakly holomorphic modular 
forms / of weight k, multiplier system \ an d type p on Y is denoted by (V). There are 

subspaces Mk tXtP (T) and Sfc )X)P (r) of vector-valued holomorphic modular forms and vector-valued 
cusp forms, respectively, for which we require that each = when n + K^ q is negative, 

respectively, non-positive. 

Now we give the definition of vector-valued harmonic weak Maass forms and related operators. 
To define vector-valued harmonic weak Maass forms, we need to introduce the weight k hyperbolic 
Laplacian given by 

A -v 2 (— — \ + ikv (— + 1— \ 

\du 2 dv 2 J \du dv J 

Definition 2.2. A vector-valued harmonic weak Maass form of weight k, multiplier system x and 
type p on T is a sum /(r) = X^=i fj( T ) e j °f sm °oth functions on H satisfying 

(1) {f\ Kx , P l){r) = f{r)forall 1 eY. 

(2) A fc / = 0. 

(3) There is a constant C > such that 

( C r + d)- k f J ( lq r) = 0(e Cv ), 

as v —> 00 (uniformly in u) for every integer 1 < j < p and every element 7 9 = (" ^) G 
SL 2 (IR) as in (2) of Definition \2.1\ where r — u + iv G H. 

VFe write Hk XiP (T) for the space of vector-valued harmonic weak Maass forms of weight k, multiplier 
system \ an d tyP e P onT . 

If we let T = ( J 1 ) , A > 0, be a generator of r^, then 

(2.1) X(T) P (T) = 
where < k,j < 1 for 1 < j < p. Here we choose the function 

/oo 
e- l r k dt. 

The integral converges for k < 1 and can be holomorphically continued in k (for w 7^ 0) in the 
same way as the Gamma function. If w < 0, then H(w) = e~ w T(l — k, —2w), where T(a, x) denotes 
the incomplete Gamma function as in pp. Any harmonic weak Maass form f[r) of weight k has a 
unique decomposition f{r) = f + {r) + f~(r), where 

(2.2) /+(r) = E « + (^,J> 2m(n+ ^ )rA e 



J=l n2>— 00 
V 

fir) 



7 = 1 \ n<Koo / 
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where 5 K .^ = 1 if Kj = or if Kj > 0. The first (resp. second) summand is called the holomorphic 
(resp. non- holomorphic) part of /(r). 

Let us briefly recall the Maass raising and lowering operators on non-holomorphic modular forms 
of weight k. They are defined as the differential opeartors 

d d 
Rk = 2i— — h kir 1 and L k = —2iv 2 — . 
or or 

Theorem 2.3. [5, Proposition 3.2] Let /(r) G H_ kxp (F). The assignment f(r) !->■ £,~k(f)( T ) '■ = 
v~ k ~ 2 L^ k f{z) — RkV~ k defines an anti-linear mapping 

Its kernel is M[_ k (T). 

We let H*_ k (r) denote the inverse image of the space of cusp forms S k +2, x ,p(X) under the 
mapping Hence, if /(r) G H^_ k (F), then the Fourier coefficients a~(n,j) as in (12.21) vanish 
if n + is non-negative. Now we introduce another differential operator D k+1 on H^ kxp (F) for 
k > as 

27tz dr / 

Let /(r) G fP fc (r) whose Fourier expansion is given as in {\2.2\j . Then we have (see [6]) 



D 



k+l 



j = l n^>— oo ^ ' 



2.2. Vector- valued Poincare series. In this subsection we begin to develop a theory of Poincare 
series for vector- valued modular forms that runs parallel to the classical theory [T9l [20] . Vector- 
valued Poincare seires was defined and its Fourier coefficients were given in the case of F — SL2(Z) 
and real k > 2 in [15]. We review the result of Knopp and Mason in [15] and extend their result 
to arbitrary H- group. 

Definition 2.4. Fix integer n and a with 1 < a < p. The Poincare series P n , a ,x,p{ T ) ^ s defined as 
(2-3) P m Ar):=- VJ P (7)-e„ 

t-(;3) 

where 7 = (" b d ) ranges over a set of coset representatives for < T > \F and K a is as in A2.1\) . 

The series (12.31) is well-defined and invariant with respect to the action \k, x ,p °f F if we assume 
absolute convergence. 

Proposition 2.5. If k > 2, then the component function {P n ,a,x,p)j{ T ) °f Pn,a,x,p( T ) 5 1 — 3 — 
p, converges absolutely uniformly on compact subsets of EL In paricular, each {P n , a ,x,p)j( T ) ^ s 
holomorphic in HI. 
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Proof of Proposition 12.51 We can see that 



HID 



and we have to estimate the exponential term. Setting r = u + iv, we see that 

< e 27T(H+l)/(co«) 



^2m(—n+K a )-yT / \ 



for c 7^ 0, where Co = min{c > 0| 3 ( a c b d ) G T}. Note that c = corresponds to the term 7 = ±72. 
Now a standard argument shows that if k > 2 then the function (P n ,a,x,p)j( T ) converges absolutely 
uniformly on compact subsets of H. □ 

It remains for us to consider the Fourier expansions of the component functions (P n ,a,x,p)j{ T )- 
The explicit expressions that arise are familiar to those who have stuided the Fourier coefficients 
of (scalar-valued) modular forms. We begin by introducing some of the notation: 

C := {(S$)er|0<-d, a<\c\X}, 

C + : = {(S5)ec|c>0}. 

Then C is the set of double coset representatives for <T>\r/ < T >. We also use the Bessel 
functions of the first kind l22l: 



^ (-1)^/2)"+* 
nK ) ~ L> t\T{n + t+l)' 

(z/2)> 



In{z) = J] 



t=0 

\n+2t 



Theorem 2.6. Let P n ,a,x,p( T ) be the Poincare series in Ii2.3\) . As long as k > 2, P n , a ,x,p(. r ) £ 
(r) and has a Fourier expansion of the form at ioo 

(p \ .(~-\ — X. 2wi(-n+K a )T/\ , n ■\ 2m(l+K j )T/X 

K 1 ri,a,x,p)]\' ) ~ u 3,a° ~ / , , u n,a,x,p\h J ) K j 

«+ftj>0 

where the Fourier coefficients a njQ , iXiP (/, j) are as follows and exactly one of the following holds: 
(1) If —n + K a > 0, then 

k-l 



"n,a, X ,p 



k fc-l 

(Z,i) = ^- E cW-^M 2 x(7)-V(7- 1 ),, Q e^«- + -)^^) rf ) 
7=(^)ec + 



X J k -i(^-y 



(2) // — n + K a = 0, then 

t 

T(k)X 



<W p(U) = E + ^)*- 1 x(7)-V(7- 1 )i^^P + *^. 



'oi' 
. c d, 
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(3) // — n + k q < 0, then 
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2m 



A 



E 



n — K r 



k-1 
2 



x(7)" 1 p(7^ 1 ) J ,ae^ (( ^ n+Ka)a+(/+Kj)d) 



Proof of Theorem 12.61 We only sketch the proof since the following results are all either well 
known or fairly straightforward generalizations of results given in [T5l [191 [20] . By assumption 
that p(— 1 2 ) = I p , we see that p(±7) = p(j)- It follows from this that 7 and —7 make equal 
contributions to the right hand side of (12.31) . Noting that the terms with c = correspond to 
7 = ±12 we obtain 



From this expression we use the standard method of invoking the Lipschitz summation formula 
P2] (see, e.g., pp. 295-299 of p] or pp. 155-164 of [2 
then 



If < Kj < 1, n > -1 and 9f(r) > 0, 



-n-l 



m=0 

If = n — and 3(r) > 0, then 



<j=— 00 



J](m + Kj )n e ^ir(m+ Kj ) = __ + _ ^ e 2^(_,( r _ 
m=0 q=—oo 

where ^^.^ = limjv-+oo S^l-jv m the case of = n — 0. Then we can derive formulas for the 
Fourier coefficients of {P n ,a,x,p)j{ T ) a ^ by using the Bessel functions of the first kind : I n (z) 
and J n (z). □ 

Now we look at the properties of the Poincare series P n ,a,x,p( T )- 
Theorem 2.7. The Poincare serie P n , a ,x,p{ T ) satisfies the following properties: 

(1) The function P n , a ,x,p( T ) vanishes at all cusps ofT which are not equivalent to zoo. 

(2) Sk iXiP (T) is spanned by Poincare series P n , a ,x,p( r ) w ^ n + K a > 0- 

Proof of Theorem 12.71 Let q be a parabolic cusp of T which is not equivalent to zoo and 7 g = 
( q p ) G SL^M) such that 7 9 oo = q as in (2) of Definition l2.ll . Then we need to check the behavior 
of the following function at zoo 



(Cr + Dy k P nm ( lg r) 



-,2ni(n+n a )"/"/q r/ A 



£,,X<7)('r + «f)*' <7 ~ 1) *' 



< 



1 



E 



'a &> 
. c d> 



-,2-Ki(n+K a )77 9 t I A 



fc'r + 
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for each 1 < j < p, where ( * h d ) j q = (*> and 7 ranges over a set of coset representatives for 
< T > \r. Now we estimate the exponential term. This estimate is a standard one, which was 
also used in the proof of Proposition 12.51 Setting r = u + iv, we see that there is a constant C 
such that \ e ^(n+K a )ii q r\ < e 27r(|n|+i)/(C t>) f or c > ^ 0. Since q is not equivalent to too, d ^ for 

every 7 = (" h d ) G V. Therefore, each term vanishes as r — > zoo. This completes the 

proof of (1). 

For the second assertion, we give the definition of the Petersson inner product for vector-valued 
modular forms: For f(r) = J^=ifj( T ) and #( r ) = Y^=i9j( T ) in M k, x A T )' we let 

<f,9>-= j Y.^{r]g^j)v kd ^, 

where J 7 is any fundamental domain for T. If one of /(t) and g{r) is a cusp form and p is unitary, 
then this integral is well-defined. Let S C Sfc jXjP (r) be the subspace spanned by the Poincare series 
Pn,a, x ,p( T ) f° r which — n + n a > and g{r) G iS -1 . Then < P n , a ,x,pi9 >= f° r ever y n an d a - 
This implies that the (— n)th Fourier coefficients of the ath component function g a (r) vanishes for 
every n and a (see Lemma [4.11) . So we must have g(r) = 0, and this shows that S 1 - = 0. Then 
we have Sk jXjP (r) = S, which shows that (2) holds. □ 



2.3. Supplementary functions. Suppose fir) G Sk+2,x,p(^) with k > 0. By (2) of Theorem 
12.71 there exist complex numbers foi, • • • ,b s such that /(r) = $^* =1 biPn i ,a i) x,p( T ) • Put /*(r) = 

Ei=l hPn> im ,xA T )' where 



n5 



-rii if K a = 0, 
1 — rij if k„ > 0. 



Note that 

X(T) P (T) 
where < Kj < 1 for 1 < j < p. Let 

x(T)p(T) 

with < k'j < 1 for 1 < j < p. Then 



4 



if = 0, 

1 — K if Kj > 0, 
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for 1 < j < p. Thus we have the expansion at zoo 

P 

= e 2wi{n *- Ka < )T/x e ai + J2 E an[, ai ( l ^) e2ni{l+Kj)T/Xe j- 

j = l i + Kj>0 

It follows that /*(t) G M' k+2 ^JF), f*(r) has a pole at zoo with principal part 



s 



i=l 

and f*(r) vanishes at all of the other cusps of T. We call /*(r) the function supplementary to 
f(r). 

Functions /(r) and /*(r) have important relations which can be expressed in terms of period 
functions. A form /(r) G Mj. +2 (r) is a vector-valued weakly holomorphic cusp form if its 
constant term vanishes. Let S[ +2xp (T) denote the space of vector-valued weakly holomorphic 
cusp forms. Suppose that /(r) = Y7j=\ Xln>-oo a(n, j)e 27rl ^ n+K ^ T ^ x ej G S^-j^^pCO- Now we recall 
various kinds of Eichler integrals of /(t): 



l" — 1 7J."3> — oo \ ' 



7=1 ^>-co 



5f(r) 



Cfc+2 



f{z){f-zfdz 



where Ck = — ^w^i an d [ ] indicates the complex conjugate of the function inside [ ] . The 
Eichler integral Ef{j) is only for cusp form /(r). 



We introduce the period functions for f{r) by 

r{f,T,r) : = c k+2 {£ f - £f\- k>x> pl)( T ) 
r N (f, r ,r) := c fc+2 (5f - Ef U^t)(t), 



where 7 G V. 

In [18], Lehner showed that the Fourier coefficients of modular forms of negative weight are 
completely determined by the principal part of the expansion of those forms at the cusps using circle 
method. Hence, we can define the constant term c/ associated with £/(t) using the information of 
principal of £/(t). For example, if we assume that /(r) has a pole at ioo and that it is holomorphic 
at all other cusps, then c/ is equal to 

j=l V 1 ^ t=l l<0 (ab) eC + V 7 7 

V c dJ 



14 DOHOON CHOI AND SUBONG LIM 

With this constant term c/, we define another Eichler integral and period functions of f(r) as 
follows: 

£f{r) := £ f (r) + c f , 

and 

r H (f, 7; r) = c k+2 (8f - £f\-k, x ,pi)(r). 

The period functions of supplementary functions were investigated by Knopp [H] for scalar- 
valued modular forms of integer weights on a i?-group and by Gimenez [TT] for vector-valued 
modular forms of integer weights on SL 2 (Z). Following the argument in [H] and [IT] , we obtain a 
connection between the period function of /(r) and that of its supplementary function f*(r). 

Theorem 2.8. Suppose that k is a positive integer and f(r) G Sk+2, x ,p(X) ■ Then we have 

(2.4) r H (f,r,T) = [r H (r, T TT, 

for all 7 e r. 

Proof of Theorem 12.81 Since {P n ,a,x,p( T ) I — n + n a > 0} generates Sk+2, X , P (X), it is enough to 
check the equation (12.41) for P n , a ,x,p( T ) w hh — n + n a > 0. Its Fourier expansion is of the form 

p 

p — 2m{-n+K a )r/\ , /y ^ p 27ri(/+Kj)-r/A 

J n,a,x,P\' / c c a i / / u "n,a,x,p\'' i J )° c Ji 

where the Fourier coefficients a n ,a, x ,p(hj) is given in Theorem 12 .61 Then its Eichler integral 
£p (r) is equal to 

/ , \ -(fc+i) v //, \ -(fc+i) 

If we use Theorem 12.61 and the definition of the Bessel function Jk + i(z), then we have 

-(fc+i) v 



/-nA-K P 9_,— (fc+2) _ 

N / -i = l / n M.„ 



7=(^)ec + 

2i+jfc+l 



xe^WV (-l)(-n + K a ) /2tA _ (/ + «.)* e ^(^)«« 

^ t!r(t + A; + 2) V C V ^ 



i=0 



If we use the Lipschitz summation formula as in the proof of Theorem I2.6I we see that 



i=0 



/27r\ fe+1 ^(-l)*(-n + KQ )V27rV* +fc+1 r(t + l 



^,0 ty, ^ x 



2r(fc + 2)VcAy ^ t\T(t + k + 2) \c\J (27r) t+1 

x lim V e 2 ™ 9 ^ -i U + 
AT-j-oc ^ \ \\ cX 

q=-N v v 
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Therefore, we have that the Eichler integral Sp (r) equals to 



Tl -f K a \ 2ni(-n+K„)T/\„ , I l ) 



-(k+l) V 



x hm f e^{cr + d-cX q f £ V ^(n - n a ) V 
N ^Mj H '^k\\c\{cT + d-c\q)J 



where 



- ^' U VA(A; + 1)! 
Let D = {( a c b d ) E T\ c> 0, < a < c\}. Then we have 

"(fe+1) P 



n' ,a,x,P 



\d\<N 



X ]2 +i k\{c\(cT + d) ' ^ 



1 / 2vTz(n — K Q ) 



Since fc is an integer, we see that 



V 1 f 27r ^ - «°) V _ c ¥fe^ 1 f - 

l ' J t Z. ifc! ^ cA(cr + d)y ) Z. fc ,^ cA(cr + d) 



and 



(2.6) e ^\- n + K ^) a e -^F+dY = e -27rj(n.-K a ) 7 r/A^ 
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After some computations using (12.51) and (12.6j) . we obtain that the Eichler integral £p naxp ( T ) is 
the same as 

. -( fe+1 > r_-n*+i 

(2.7) 



-n + k c 



A 



e 27ri(-n+K a )r/A e 



^ ' .7 = 1 ^"LjoM.n 



+ 



) 7 r/A 



c<TK, \d\<K 
c<TK, \d\<K 

where T is a positive integer. By the similar way, we see that Eichler integral Sp 1 (r) is equal 

n f ,a ,x ,p 

to 

-(fc+i) 

(2.8) 



-n' + < 
A 



/ , / \ -(fe+1) P 

-n + k' n 



A 



E i im 1 E X^) -1 ^ -1 )*^ + dfe 



■2iri(n' — K' a )^/T / \ 



H a c b d) eD 

c<TK, \d\<K 



E X(7)" 1 p(7" 1 ),, a (cr + d) fe e ^(-"'+0 £ 



c<TK, \d\<K 



t=0 



fc! V cA(cr + d) 



e 3 . 



Note that P n > ,a,x,p( T ) is a function supplementary to P n ,a,x,p( T )- Using the expressions of the 
Eichler integrals £p n a x (r) and £p ; (r) as in (12.71) and ( 12. 8 p and the fact that —n' + n'j = n — K,j, 
then we see that 

r H (P n i,a, x ,p, 7; = r H (P n ,a, x ,p, 7; 7"), 
for all 7 G T, which completes the proof. □ 



On the other hand, it is well known that if /(r) G 5'fc+2,x,p(r), then 

f(z){T-zfdz. 



Cfc+2 



Furthermore, we can compute r H (f, 7; r) and r N (f, 7; r) explicitly using the integral representation 
of those (see [16]): 



r H (f,T,r) 



r w (/,7;r) 



/(sXr-*)***, 



7 — 1 (ioo) 



/(z)(r-z) fc dz 



'7 1 (ioo) 

From this formula, we obtain the following result: 
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Theorem 2.9. [131 Section 2] Suppose that k is a positive integer and /(r) G Sk+2,x,p(^)- Then 
we have 

r H (f,r,T) = [r N (f, T ,f)}-. 



3. L-FUNCTIONS 

In this section, we recall the theory of L-functions associated to scalar- valued weakly holomorphic 
modular forms using the definition in [3] and extend this theory to general if-groups. Let T be 
a .ff-group. Now consider f(r) = X! m >-oo a{m)e 2m ( rn+K ' >T l x G (r), where (r) denotes the 
space of weakly holomorphic cusp forms of weight k and multiplier system \ on T- 

Let 7 = (" b d ) G T. Then a twisted L-series for /(r) and t > is defined by 



(3-1) L(f : Q x d ,s) := £^L*(/,Q' a 

a("i)( d w rk 2,( t"° 



+X" 1 (7)^(-c) fc - 2s E - 



a(m+n)-pl , 2ir(m+K) 



k—s 

Here, the incomplete gamma function T(s, z) is given by the analytic continuation (to an entire 
function with respect to s and fixed z ^ 0) of f°° e~ t t s ~ 1 dt and r s = |r|e* arg( -' r ^, — 7r < arg(r) < n. 
This definition is independent of to- 

To give an integreal representation of L(f,(~^,s), we require certain regularized integrals. For 
this, consider a continuous function / : H — > C such that /(r) = 0(e C11 ) for some constant c > 
uniformly in w as v — > oo. Then, for each To G EI, the integral 

too 

tiw 



e tlw f(w)dw 



TO 



is convergent for i £ C with 9ft (i) 3> where the path of integration lies within a vertical strip. If 
this integral has an analytic continuation to t = 0, the regularized integral is defined by 



R. / f(w)dw :-- 



too 

tiw 



e tlw f(w)dw 



■ 



' to LJ t J t=o 

where the right hand side means that we take the value at t = of the analytic continuation of 
the integral. Similiarly, integrals at other cusps q also can be defined. Specifically, suppose that 
q = 7,(200) for 7, = (« J) G SL 2 (R). If /( 7 ,r) = 0(e™), then we let 



/•q rlOG 

R. / /(w)d«j := R. j (cw + d)- 2 f(-f g w)dw. 

J TO Jjq TO 
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For cusps qi,q2, we set 



rqi M2 pro 

R. f(w)dw:=R. f(w)dw + R. f(w)dw 

Jqx J to Jqi 

for any r G H. Then we can see that this integral is independent of r G HI and prove the following 
result: 

Theorem 3.1. Assume that f(r) G S' kx (T). We have the identity 



(3.2) 



L*(f,C x d ,s)=r s R. I , f(r)[r + - c ) dr, 



s-l 



/or 7 = (^) G r. 



Proof of Theorem 13.11 Fix to > 0. Then we can divide the integral in (I3.2p into two parts: 

s-l 



(3.3) 



i~ s R. I f(r) \t+-) dr + i~ s R. ° f(r) (t+-\ dr. 



it - 



Inserting the Fourier expansion of /(r) = 5^m»-oo a ( m ) e 



(3.4) 



z~ s R. I /( t )(t + -J dr 



it - 



m>-oo 

s-l 



27ri(m+«;)r/A 



yields that we have 



c 



- s ' l dr 



rioo 

i~ s R. / f(r - 

/•ioo 

i~ s < m ) R - / e^^'X^^r^dr. 

J itn 



m>-oo 



Using the definition of regularized integral and change of variable r i-> it, we see that ( 13.41) is equal 

to 



E 



a\m) 



m>-oo 



?r(m+K)(/A/-("»+t)^s-l e -' ut^ 



u=0 



Yl a ( m )CA 



-(m+/c)<i 



m>-oo 



27r(m + «;) 
A 



it 



\ ' +U ] t 



J u=0 



E 



a(m)C, 



cA 



d(m+re)j-i / 27r(m+re)io 



> A 



m>-oo 



27r(m+/c) 
A 
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For the second integral in (13.21) . note that — - = 7 _1 (zoo) and that /(r) = (cT+d)~ k x~ 1 (l)f(lT). 
One can see that 

rit -i / d \s-i 
i~ s R. / f(r) It + - dr 



c . 

s-fc-l 



i-cV(7)A C /(tt)(t+-) 



By the change of variable, this integral equals to 



(3.5) r'J- X -\i)R. I Ct ° f{r){-cr + a)*— 'dr 



c I t 



If we use the definition of regularized integral and the change of variable, then we obtain that the 
integral (13.51) is the same as 



z fc - 2s (-l) fe - s - 1 c fe - 2s x - 1 ( 7 ) 



i 



f[it + ~ )t k - s ~ 1 e~ ut dt 



J u=0 



If we insert the Fourier expansion of /(r), then we get the following result by the similar compu- 
tation as we used to compute the first integral in (13. 3 j) 



d C m(r + - c ) dr = X -\lY\-c) k - 2s £ 



frr(ro+«] 

From this we can also see that the definition of L{f, s) given in ( 13.11) is independt of the choice 
of t . □ 

Using this integral representation, we can derive a formula for period functions of /(r) G Sfc jX (r) 
in terms of ciritical values of L-functions: 

Theorem 3.2. Suppose that f(r) G S[ +2x (T) and 7 = (° J) G T. Then we have 



Ck+2 



(l)£f(r) = ^ 7 R.jrf(z)(z-rrdz. 

'k\ r(n+l) T 

n I (27r)"+ 1 ^W' v 'cA ' 1 -v \ ' 1 c 



(2) r(/, 7; r) = Etc ( : &^(/, C/, n + 1) r + i 



Proof of Theorem 13.21 By the change of variable z 1— > z + r, we have 

c fc+2 Jo 



(3.6) ^ —R. / f{z){z-r) k dz = ± / /(z + 7> fe dz. 

Cfc+2 ir C k+2 Jo 
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Inserting the Fourier expansion of /(r) = ^ m> _ 00 a(m)e 27r ^ rn+K ^ T ^ x , we obtain that the integral 



in ( 13. 6 I) is equal to 



-1] 



Cfc+2 

(- 



am 



m>-oo 
fc ,-Jfc+l 



27ri(m+ft)r/A / ^2ni(m+K)z/ X ^uiz ^k 



J M=0 



Cfc+2 



a(m)e 2m(m+K)r/A 



m>-oo 



-27r(m+/c)t/Ag— ut^Je^. 



u=0 



A 



= a(m 

m>-oo 

This shows that the first claim is true 



m + k 



-(fc+i) 



3 27ri(m+K)r/A 



Note that r(f,j;r) = Cfc + 2(£/ — £f\-k,xl){ T )- Then we need to compute the second term 
(£/|_fc )X 7)(r). By the change of variable, we have 



e f\-k,xy{r) 



(-iy 

Cfc+2 



{cT + d) k X -\l)R. f 



7 1 (ioo) 



f(^z)(^z - ^r) k (cz + d) 2 dz. 



Since f(r) E S l k+2x (F), we obtain that 



£/U,x7(t) 



Cfc+2 

(~l) fc 
Cfc+2 



7 1 (ioo) 



f(z)(cr + d) fc (cz + d) fc (7^ - ^r) k dz 



7 (ioo) 



/(z)(z-r) fc dz. 



Therefore, by the definition of £/(t), we have 

r(f, T ,r) = (-l) k R. 



f{z){z-r) k dz. 



7 — 1 (ioo) 



Using the binomial expansion, we can see that r(f, 7; r) equals to 



-u*E 



?1=0 



\k—n 



T + 



d 



k—n 



R. 



/(*)(*+-) <fe. 



Now the second claim follows using the integral representation of L(f, £ cA , s) 



□ 



4. Proofs of main theorems 

In this section prove main results: Theorem 11.21 Corollary 11.41 and Theorem 11.61 To prove 
Theorem 11.21 we consturct a vector- valued grid. Then Corollary II .41 follows from Theorem 11.21 and 
the property of Petersson's inner product. Theorem 11.61 follows from properties of L-functions and 
supplementary functions. 
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Proof of Theorem II. 2L Let P n , a ,x,p( r ) £ Sk+2,x,pfi) be a Poincare series defined in ( 12.31) for 
— n + K a > 0. Then P n ',a,x,p( T ) £ Si+2,x,p(X) * s a supplementary function as in section [2731 Now 
we construct a harmonic weak Maass form using Eichler integrals. Let 



Gri,a,x,p( T ) '■— G n ',a,x,p + ^n',a,y,p( T ) 



,a,x,p\ n 



where 



^n',o,Y,p( T ) : = 



n' ,a.,x,p\T) 



-n' + n' a 
A 

-w' + k' q 



k+i 



£ 



H ( 

Pi - -\ 



fe+i 



AT 
P„. 



T . 



We need to show that G n ' iai £p(r) is a harmonic weak Maass form in i?* fc ^ =(r) by checking the 
conditions as in Definition 12.21 

To show that G n ' jCe ^p(r) is invariant under the slash operator \-k,x,pl f° r 7 G T, we use the 
property of Eichler integrals. Fix 7 G T. Then, by the definition of G n / a ^ p(r), we have 

G n ',a,x,p( T ) - {G n i ,a,x,/o|-fe,X,p7)( r ) 



-n' + < 
A 

-n' + < 
A 



fe+i 



£p, W-(^p, l-fc.x,p7)W-fp W + 



,. vp |-fc,x i p7)( r ) 



fe+i 



Cfc+2 



^ {-Pn' ,a,x,pi 7; ' r ) ^ {Pn,a,x,pi 7i ' r ) 



AT/ 



Since P n ',a,x,p( T ) * s a function supplementary to -Pn,a,x,p( r )) by Theorem 12.81 and Theorem 12.91 for 
any 7 G T, we have 

r H (P n , ta>x - t p,r,T) = [r H (P n ,a,x,P^;^)]~ = rN ( P n, a ,x,P^i; T )^ 

because P n ', a ,x,p( T ) is a function supplementary to P n , a ,x,p( T )- This implies that for any 7 G T 

{G n ',a,x,p\-k,x,pl)( T ) = G n i j0it x,p(T), 

for all 7 G T. 

For the second condition, we need to compute A_ k (G n ^ a ^ )(5 ). Since _ _(t) is holomorphic, 
A_fc(G^" ; is equal to zero. After some computations, we find that 

1 



lis? 



and 



Of 

d 2 



-P 



Cfc+2 
1 



(r)(2ivY 



Pn, a ,x,p( T )( 2iv 



,fc-l 



Since the weight —k hyperbolic Laplacian is given by 

A_ fc = -Av 2 —— - 2ikv—, 
oror or 

we can see that A_fc(G~, a ^p) is also equal to zero. Finally, the third condition, which is the 
growth condition, follows from the fact that P n , a ,x,p( T ) * s a CUS P form and P n ', a ,x,p( T ) is a weakly 
holomorphic modular form. 
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For the differential operator we compute )(r) for a cusp form /(r) G S , / 0+ 2, x , p (r): 



(r) 



2zv" 



\C k +2 
; 1 g 



/(z)(f-z) fc ciz 
/(z)(r-z) fc d* 



2z^ fc = (-/(r)(-^) fc ) 



Cfc+2 

-4vr) fc+1 



fc! 



/(r). 



Therefore, by the definition of (j„' a vs(r), we have 



('C-fcG r n ,' iQ ,^ ! p)(r) 



(-47r) fe+1 /-n' + < 



fc! 



A 



fe+i 



Hence, G f n',a,x,p( r ) i s a harmonic weak Maass form in H^ k ^ JF). 

Our claim is that a pair of families {G n2 . a2 , x ,p} an d {■frn,a 1 ,x,p} fo rm a vector-valued grid of weight 
k + 2, multiplier system x an d type p on T. By the definition of Gt 2 ,a 2 ,x p( T ) an d ^ni,ai,x,p( r )> one 
can check that they have the desired principal part in their Fourier expansions at zoo. It remains 
to prove the coefficient relation which a grid should satisfy. By the way of construction, we have 



C + Jt) 



2ixi(-n,2 + 



a ri2,a2,x,P V'l 3 1 



3=1 J+kJ>0 



/ \ fc+1 



; 27ri(i+Kj)r/A e . 



+ t^i E (I) rww*^ 



fe+2 



' a b' 
. c d 



6C+ 



n 2 - ft 



a 2 J e J ' 



where Cbn2,a 2) x,p(^ j) * s a Fourier coefficient of -Pn 2 ,a 2 ,x,p( r )- We have two cases: ni — K ai > and 
^i _ k 0i = 0. Since a nijai)X)P (l, j) is a Fourier coefficient of P ni , ai ,x,p( T )i f° r eacn case ; we need to 
prove that the coefficient 



(n 2 - (n a2 + k' ),a 2 ) 



is equal to 



k+1 



2tti* 



A(fc+1)! 



c ci 



if ni — K ai > 0, 

-OV +1 f 

if rii — K ai = (J. 



cA 
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For the first case, we assume that n\ — K ai > 0. Then, by Theorem 12.61 we have 

fc+i 

/ / / \ \ 2m~ k ~ 2 ^ _ x ( n 2 - k \ 2 j _ x 

««i,«i,X>2 - Oa 2 + K ),a 2 ) = r > C X17J Pl7 )oa,ai 



x ^((- ni+Koi ) fl+(n2 - K y rf ) /Hi f^ (ni _ Ka j (n2 _ K jj) . 



Note that (—I 2 )(C + ) 1 = C + . If we change 7 \-> 7 J 2 ), then the coefficient a nuauXiP (n2 — 
(n a2 + «4 2 ), a 2 ) is equal to 

(4.D (-i)-^ E c - 1 (!^) itl s(7) - V(7 - I)mim 



2vri 

xe 



?((-n 1+ ^JM) + (n 2 -< 2 )(- a) ) 4+i ^^ _ — ^ _ TTjY 



In the computation, we used that x satisfies the non-triviality condition and that p is a unitary 
representation. Then, by definition, (14. f I) is the same as 



J \ k+l 

v a 2 



j(ni - {K ai + K ai ), ax) 

If Tii — K>ai — 0, then by Theorem 12.61 we have 

('_9 7 r?"l fcH 

an 1 ,a 1 , X A n 2-{ K a 2 +K a2 ),a 2 ) = , n\\k+2 1^ C ^ (n 2 - K 



T(k + 2)A fc + 2 

2ni 1 



x x(7)-V(7- 1 )a 2lQl e^ ( " 2 - K - )d . 

Similarly as in the case of rii — K ai > , we change 7 into 7~ 1 (— 1 2 )- Then we obtain that the 
coefficient a niiQ , liXiP (n 2 — (re Q2 + K f a2 ),a 2 ) is equal to 

T £?X1, E f* 4 (".-<.) H1 S(7)- 1 /K7- , )«««**-*') M . 

Thus, two families {P ni ,ai, x ,p} an ^ {^"2,q 2 ,x,p} &i ve a vector-valued grid of weight k + 2, multiplier 
system \ an d tyP e p on T. 

Now we prove the uniqueness of a grid. Suppose that there is another grid consisting of two 
families {f' nuauXtP } and {G' n2Ct2 ^}. Then G+^^r) and G'^^r) have the same principal 
part. Then G^ 2 a2 x Jr) — G'^ 2(X2 y s(t) nas no principal part. We consider the pairing defined in 
[5] as 

{F,G} —< F,£_ k (G) >, 

where F(r) G Sk+ 2tXtP {T), G{r) G H^ k ^JT) and < , > is a Petersson inner product. Since 
Gn 2 ,a 2 ,x,p( T ) ~ G'n 2 ,a 2 ,x,p(. T ) nas 110 principal part, by Proposition 3.5 in [5], 

{-^' £-k(Gn2,ct2,x,p~ ~ G n2 Ct2 X p)} = 0, 
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for all F(z) G Sfc + 2, x ,p(r). This implies that Gn 2 ,a 2 ,x,p( T ) ~ G'n 2 ,a 2 ,x,pi T ) should be zero. Then 
G n2 ,a 2 ,x,p( T ) ~ ^"n 2 aa xp( r ) is a cusp form of negative weight and hence it also should be zero. So 
we showed that {Gn 2 ,a 2 ,x,p} is unique. Due to the coefficient relation following from the Zagier 
duality, {fn iaijXjP } is completely determined by {G' n2 a2 ^ =} and hence we see that a vector-valued 
grid of weight k + 2, multiplier system \ an d type p on T is unique. 

Finally, we need to compute the image of G n2ja2jX; p(r) under the differential operators D k+1 . For 
the differential operator D k+1 , by the definition of G n2ia2i ^ 5 p(r), we have 

/ i / \ fc+i / , / \ fe+i 

P fc+1 G, 2 ,« 2 ^)(r) = (Z^±SA P fc+1 ^ 2 , Q2 ,,,;(r)=(^f^) P„ 2 ,« 2 ^(r), 



because (D k+1 £^ a ^ _ _)(r) = P n2 ,a 2 ,x, P ( T )- This completes the proof. □ 

For the proof of Corollary 11.44 we need the following lemma about the computation of the 
Petersson inner product. The proof follows along lines familiar from the classical case. 

Lemma 4.1. Let P n ,a,x,p( T ) > 9( r ) e Sfc+2,x,pC0- Suppose that g{r) has the Fourier expansion at 
too of the form 

£ £ c(Z,j> 2 ^W A e,. 
i=i i+Kj>o 

T/ien we have 

( A \ fc+1 

< in,a,x,p >= Ac(-n, a) I — ■ r I\fc+1). 

Proof of Lemma 14.11 By the definition of Petersson inner product, we have 

<g,P n ,a,x,p> = [ {5(^),^n,a, X ,p(^)K +2 ^?, 

Jr\w v 



where the pairing {g(r), P n , a , x , P (r)} is given by J2 P j=i9j( T )(Pn,a, x ,p)j( T )- Since Pn,a, x A T ) is 
Poincare series defined by 

I g27ri(— n+K a )"/T/X 



a 



7 =(^)e<T>\r 



we can use the unfolding method to compute the integral. 

/*oo p A 

<^,P„,a,x,P> = / / {g(r),e 2 ^- n+ ^ x }v h dudv 



./0 
oo p\ 



l+K a >0 

We can see that, for integer n, we have 



Yl c(l,a)e 2ni{l+Ka)T/x e- 2ni{ - n+Ka)f/x v k dudv. 

JO JO ^ n 



A 







if 72 ^ 0, 
A if n = 0. 
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Therefore, if we use this computation, we obtain 

poo 

<g,P n ,a, x , P > = / c(-n,a)e-^- n+K ^ x Xv k dv 
Jo 

( X \ h+1 

= Xc(-n,a)(— — - r(*+l). 

\4n(-n + Ka) ) 

This is the desired result. □ 
Now we are ready to prove Corollary 11.41 

Proof of Corollary 11.41 Note that by Theorem 11.21 we have the following relation 

(-An) k+1 f-n + K' c ^ k+1 



(£-kG n ,a,x,p)( T ) - ( ^ -J Pn',a, X ,p( T )- 

Then the proof comes from the computations of the following Petersson inner product using Lemma 

an 

(4-2) < Pn' 2 ,a 2 ,x,pi Pfi 2 ,a 2 ,x,p ^ ' 

Suppose that -P n ' 2 ,Q 2 ,x,p( r ) e Sk+2, x ,p(T) has the Fourier expansion of the form 

v 

Pn' 2 ,a 2 ,x,p( T ) = ^ ] ^ y c n' 2 ,a 2 ,x,p(^ j) e ^ ^ ^ e j- 
3=1 l+Kj>0 

By the same way, we define c^ j(5 , 2jXj p(7, j) is the /-th Fourier coefficient of the j-th component of 
Pn' 2 ,a 2 ,x,p( T )- By Lemma H~l] the Petersson inner product H4.2[) equals to 

Since the Petersson inner product is hermitian, we see that the Petersson inner product (14.21) 
equals to 

/ x \ k+1 

< Ph' 2 ,a 2 ,X,P' Pn' 2 ,a 2 ,x,P > = ^ C n' 2 ,a 2 ,X,p(~ n 2' a l) (^^^ + ~ j J ^ + 1 )' 

Now we use the fact that (£-kG n2! a 2 ,x,p)( T ) is the same as 

(4 3) (-^ +1 ( -r» + <X +1 p (T) 

r(* + a J r v^ T >- 

The direct computation shows that 

u(H(2n(l + ^v/X)e 2 ^ l+K >/^j = ^-^/A ^^y 1 , 

If we use this computation, we see that the Fourier expansion of (£-fcG n2|Q , 2jX - )P -)(T) a ^ 200 is given 
in terms of b~ 2 a2 ^ p(l,j) as follows: 
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where b~ 2 a2 (l,j) is the Fourier coefficient of Gn 2 ,a 2 ,x,p( T )- We a ^ so nave the same kind of equations 
as in ( BT31 and in the case of (£-kGn 2 ,a 2 ,x,i>)i r )- Note that b y P^3l) and (H3D we have 

( 4 - 5 ) & n 2i a 2 ,x,p(-^,a 2 ) = -a n>2tXtP {n 2 - S K&2 , ,a 2 ) p(fc - ^ ^ _^ + ^ J 

By the computations of the Petersson inner product < P n ' ,a 2 ,x,pi Ph' ,a 2 ,x,p >> we see that 

fe+l / 1 \ k+l 



1 



a n > 2 , a2 , x A- n 2> a 2) -} = an 2 ,a 2 ,xA- n 2i a 2) \ . , 

Therefore, (14.51) is equal to 



If we again use (14. 3 \ and (14.41) for (C-kGh 2 ,a 2 ,x,p)( T )j then we see that (14. 5 p is the same as 

, / \ fe+i 
-n 2 + k Q2 x 



o 2 



which completes the proof. □ 

Next, we prove Theorem 11.61 This result follows from the relation coming from the supple- 
mentary function theory. Before we prove the Theorem 11.61 we state and prove the following 
lemma. 

Lemma 4.2. Let T be a H-group and 71, • • ■ , 7t be its generators of T. Let Pi be the complex 
vector space of vector-valued polynomials Yl t j=iPj( T ) e j where the degree of each Pjij), 1 < j < t, 
is at most k. We define a subspace V-k,x(P) as the vector space generated by polynomials given as 

t 

^r(/, 7j ;r)e j 
j=i 

for f(r) E S k+2 ,x( T )- Then the ma P <f> '■ S k+2, X (T) -> V- k , x (T) 9 iven b V 

t 

is an isomorphism. 

Proof of Lemma 14. 2L Since T is a if -group, it is finitely generated. Therefore, d is a well-defined 
finite number. By the definition of P_fc jX (r), the map <fi should be surjective. We only need to 
prove the injectivity of 0. Suppose that <f)(f) = for / G Sk +2tX (T). Then, for each 1 < j < t, we 
have 

r{f,lf,T) = 0. 

Since {71, • ■ ■ , 74} is a generating set of T, this implies that 

r(f,T,T) = c k+2 (£ f - £f\-k,xl)( r ) = 
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for all 7 G T. Therefore, £/(t) is a cusp form of negative weight —k and hence it should be zero. 
Then we have 

f(r)=D k+1 (S f )(r) = 0. 

This proves that the kernel of is trivial. Therefore, <fi is injective and the proof is completed. □ 

Proof of Theorem 11.61 We define a pairing { , } for the space P_fc iX (r) defined in Lemma [4.21 
using the Petersson inner product as follows: 

{<£(/), <P(g)}:=< f,g>. 
Since <fi is an isomorphism by Lemma 14.21 this pairing is well-defined. Then this pairing can be 
extended to the whole space P\. We also use the same notation { , }. Suppose that = 

( % dj ) I 1 — J — t j* i s a generating set of T. If we use the change of variable r i— > r + ^ for each 
j-th component, then any element in Pp, can be written as 



t k , , 

do 



££a(i,j)(r+^)e 

j=l i=0 



'.) ■ 



for some constants a(i,j) G C. Then this pairing can be written as 

(4.6) (EE^^lfr + ^e^EKMlfr+^U^ £ B aA j) 

< j=l i=l \ 3 J j = i i= i V 3 J ) j = i 0<a,/3<k 



a(aj)b((3,j) 



where B a ^(j) is a complex constant. Now we consider the Petersson inner product < P nisX , P n2 ,x >• 
If we use Lemma 14. 1[ then we obtain 

A 



< p n uX i Pn 2 , x >= Ac niiX (-n 2 ) ( j^Z^jT^ J r (* + X )' 

where c niiX (— n 2 ) is a Fourier coefficient of P ni)X (r). On the other hand, this Petersson inner 
product can be computed using the pairing f)4.6|) . By definition of the pairing, 

(4.7) <P nux ,P n2jX > = {<f>{P niX ), <KPr» x )} 

= I £r(P niiX , 7i ;r)e i , £r(P n2;X , 7,-; r)ej I. 
{ j= i j= i J 

Note that by Theorem 12.81 we have 

r(P ni , x , T ,r) = r H (P n ^ r ,r) = [r H (P:^ r ,f)]-, 
for i — 1, 2. Therefore, we obtain 

(y>(P„ llX ,7,;r)e,, V r(P„ 2 , x , 7i ; r)e,j = ( y>"(P n * 1>x , 7; f)]"^, 5>"(^* 2 , x , 7; f)]-eX 
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We know that the period polynomial r H (P* i , 7; r) can be written in terms of twisted L-functions 
of P* i!X (r) by Theorem E21 

k /,\ n/ , -\ / r \ k—n 



+^, c fc+2 (n 4 )- (fc+1) ^~(0) (l - x{l)c) (r + ^ 



for i — 1, 2, 1 < j < t and 7 = ( a c b d ) G I\ Here, fe_ n . ^(0) is the 0-th coefficient of Gt n . x (r) given 
by 

\k+l /0^\ fe+2 



(Jfe + l)! 

for i = 1,2. Therefore, the pairing in (14. 7\\ can be written in terms of special values of twisted 
L- function of Pn 1 , x ( T ) an( ^ Bn 2 ,x( T )- More precisely, we have 

t t >. 

^(Pnux^fTej, E^( P n 2> x>7;r)]-e, 
3=1 3=1 > 

t E w^K-r (*) ^fe^ 

j=l 0<a,/3<k 

k\ T(f3 + 1 
P) (2vr)/ 3 + 1 



J=l 0</3<fc 

1HS AA rpg + i) 



X/ 



0) (2^)/ 3 +^ L ^ P ™ 2 ' x ' ^ + ^ 



j=l 0<a<k 

a _ a A\ r(a + l)- 



x -1 



/fc\ r(a + i) , 



To shorten the length of our formula, we define another constants 



Ak- a ,k-/3(j) = Bk- at k-/3(j)-r, rrr, tjtt^ 



(*!) :0l _, A~ fc ~ 2 2 fc+1 



(Jfe-a)!(fc-/3)! (27r) 1 - fc+a +/ 3 ' 
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for < a, (3 < k and 1 < j ' < t. If we use these constants and the fact that 

then we get the desired result. □ 
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